In this paper we analyze the optics of a high energy beam which is focused by its own wakefields in a plasma. We calculate the effects of lens aberrations on the focusing strength of the lens and on the dilution of the beam's phase space.
INTRODUCTION
The plasma lens has been discussed recently as a promising candidate for a luminosity enhancing final focus element. 1-r] The calculation of the plasma physics involved is somewhat intricate, but the basic physical mechanism is simply understood under certain conditions:
(1) the beam is less dense than the plasma nb < no, (2) the beam length a, is large compared to the plasma wavelength X, = ~~ 7rre no, and (3) 
where nb = N/(27r)3/2a,cr~, then the magnetic self-forces everywhere inside the beam can be easily calculated (to order rd2) to be 
We have defined here the maximum focusing strength (in the core of the beam)
Ku, which is calculated as (3) The radial force can be used to define a radial focusing strength, a function of position (r, 2), K&,2) = -J& = &pa12~2 [ ?$(I -e--r"/2d )I .
For a perfect lens, K, would of course be a constant, with no dependence on position in the beam. For this to be true for the plasma lens, the beam density must be constant, as this produces a magnetic self-force linear in r and independent of z." BiGaussian beams yield self-forces that are less than this ideal. In this paper we calculate the effects of these aberrations on the final spot size one can achieve with a plasma lens, and estimate the possible enhancement on the luminosity, by taking into consideration both the contribution from the reduction of the spot size due to a plasma lens and that from the additional pinching due to beam-beam disruption.
We would like to employ the notation and formalism of Twiss parameters in our discussion, so we must take the expression for focusing strength in cylindrical coordinates and convert to the equivalent effect in Cartesian coordinates. We first note that for cylindrically symmetric distributions we need only examine one transverse coordinate (z) and we have simply uz = ur and 
We now wish to calculate an rms divergence due to radial plasma lens aberrations.
The model we are employing assumes that the phase space has an extra source of divergence 68 that is independent of z. This is not precisely the case, however.
--The rms divergence arising from an uncertainty in focusing strength AK/K (K z (Kz)y, the average focusing strength at point z) generated through the random variable y at any given point in x requires an average over y as follows:
6e=~($55)y .
To calculate this quantity, we set z = 0 in Eq. (6)and perform the integral by Monte Carlo methods.
A plot of the integral is shown in Fig. 1 
We can also calculate the rms value of AK/K
The rms divergence increase comes from a final integral over z, which gives
--CO (13)
The total divergence increase is obtained by adding the longitudinal and radial
A phase space transformation for a plasma lens that includes all aberrations is shown in Fig. 2(d) . For the remainder of the discussion we take this coefficient of 0.15 to be designated as the parameter 6 2. This number has been calculated for a bi-Gaussian distribution; it would be smaller for more uniform distributions.
With this understanding of the divergence increase, we proceed with our Twiss parameter treatment of the aberrations. With a: = poco substituted into Eq. (14), Eqs. (7)-(g) simplify to (y. = so/P, p =/30/P, and e = COP ,
where
w is defined to be the aberration power, and the focal length f N 2fe for a bi-Gaussian bunch.
The average focusing in the thin lens changes the phase space ellipse orientation further to give the final value "f = (a0 + Polf)lP *
The total effect of the lens on the phase ellipse orientation is diluted by a factor 'of P due to the aberrations. The other beam parameters are unchanged by the average focusing in the lens.
THE THICK LENS CORRECTION
We now have all the optics tools to conceptually design a thin plasma lens final focus system. Unfortunately, the present phase-space densities in linear collider beams may not be large enough to provide sufficient focusing in a thin m-rad and I is the length of the thin lens. Thus, we can estimate f 1 -= gn3 rlcml , for SW. PO Note that if we want to take f /@o = 6 to maximize the focusing efficiency, we calculate that 1 = 3.6 mm, which is not small compared to the conventional final focus beta /.3; = 7 mm. Thus, the thin lens approximation, which assumes that the beam size is constant inside the lens, does not hold in this case. We are in need of a thick lens model. 
The first integral of this equation is, using the derived initial conditions,
This nonlinear equation may also be integrated easily by multiplying by p', and applying'the continuous initial conditions on p and p'
We can numerically integrate Eq. (28) to provide the correction to the thin lens theory.
As an example, we take a lens which starts 5 mm from the final focus of an SLC beam, and has a thickness I of 3 mm. The plasma density is taken to be no = 5 x lo'* cm-3. The effective thin lens focal length for this case is calculated, with the thin lens placed at the midpoint of the plasma region, and found to be 3.34 mm. A naive calculation from the thin lens formula would yield f = (Kl)-' = 3.64 mm. This is in contrast to conventional thick lens behavior, where the focal length of the lens would rise with use of the correct thick lens expression, because of the nonnegligible phase advance. The focal length drops in a thick plasma lens because the lens gets stronger as the beam pinches. 
LUMINOSITY ENHANCEMENT
Thus, the limitation on luminosity enhancement due to aberrations is about l/b2 N 6.7. If one overdoes the focusing, i.e., makes Pa/f >> l/6, the consequences are more severe than merely saturation of the luminosity, however. The rms angle of the beam leaving the lens becomes very large in this case, and that poses the problem of damaging conventional final focusing elements, as well as lowering the possible luminosity boost due to beam-beam disruption.
We will return to this point later.
It is of interest also to calculate the position of the next waist. We obtain in a similar manner the distance as measured from the strong lens,
The luminosity enhancement that one calculates from application of Eq. (31) with the thick lens corrected parameters, i. 
The above expression reproduces all the computer simulation data shown in Fig. 3 to an accuracy of around f 10%. The results of these simulations do not take into account the correlations between final focusing and longitudinal position in the beam due to the plasma lens. To this extent, our analysis below is approximate.
With the design parameters of SLC, we see that with the given values of & and co, Do = 0.51 and Ao =0.14 . 
It can be seen that although we are able to push the disruption parameter D up by a factor of 4.1, the fact that we have substantially reduced /.?* in turn has made the inherent divergence of the beam more severe. The net result is that one does not benefit too significantly from the mutual pinching during beam-beam interaction.
DISCUSSION
To conclude, we have studied in this paper the beam optics of a self-focusing plasma lens by taking into account the aberrations due to nonlinear focusing strength and the correction due to finite thickness of the plasma lens. Furthermore, we have formulated the estimation of the luminosity enhancement, taking into account both the reduction of the effective spot size due to the plasma lens, and the pinch effect due to beam-beam interaction.
The design parameters of SLC were taken as an example to investigate the possible performance of a plasma lens. All the calculated parameters for an SLC plasma lens are listed in 
With all other parameters fixed except /?*, the above value is the best luminosity enhancement that one could achieve for SLC, independent of the specific 13 nature of the strong inserted lens. We thus find that the plasma lens in this case has a performance which is about 60% of that of an optimized ideal, aberration free lens.
To improve the performance of the plasma lens, it is necessary to reduce the radial and longitudinal aberrations.
As was pointed out earlier,l' since the focusing strength in a plasma lens is self-induced by the beam charge density, a
proper shaping of the bunch can, in principle, mitigate the problem. One way to reduce the radial aberration is to install a octupole somewhere upstream from the plasma lens such that the transverse distribution can be more "flat-topped" than the Gaussian distribution.
For a bi-Gaussian distribution, the longitudinal aberrations have been shown to be more severe than the radial aberrations. In order to make the longitudinal distribution more uniform, we can in principle debunch the beam slightly by applying a nonlinear accelerating wave form to the beam and sending it through a transport line containing bend magnets with nonzero longitudinal dispersion.
This could be done, for example, at the exit of the damping rings.
As an aside, we note that the nonlinear wave form could in principle be derived from the self-wakefields of the beam in an iris loaded tube.7l We take the case of the beam length oZ equal to one-half the fundamental wavelength of the wakefields. The initial beam profile and associated wakefields for this case are shown in Fig. 5(a) . We take the initial rms momentumspread as An/p = 0.1%. If the amplitude of the wakefield induced momentum spread is taken to be 1.5 Ap/p, and the longitudinal dispersion of the transport line is I]= = -600 uZ, the final longitudinal distribution is flattened significantly, as shown in Fig. 5(b) . Since the wave form for debunching is nearly sinusoidal this scheme is not dependent of wakefields, yet they may prove to be the handiest source of strong, short wavelength fields.
After proposing improvements in the plasma lens, it is necessary to temper the discussion by noting that the parameters used in this paper describing the space density of the beam, the effectiveness of the plasma lens focusing system degrades dramatically. We also have not mentioned the problems of background event generation from beam-plasma ion collisions, or the effects of misahgnment due to beam jitter. Both considerations may place constraints on the effective implementation of a plasma lens. Table 1 A 
